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1 . Introduction 

Reproducing  kernel  functions  arise  naturally  In  approximation  theory  In 
Hilbert  spaces,  and  are  a useful  theoretical  tool,  and  can  also  be  used  for 
computations.  Since  I have  used  reproducing  kernels  In  Sard  corner  spaces 
In  t^y  own  work,  I have  felt  It  would  be  useful  to  have  the  formulas  (given 
In  terms  of  Integrals)  evaluated  and  written  out  In  a more  explicit  form. 
Therefore  this  small  report  was  written  to  discuss  Sard  corner  spaces  and  to 
develop  those  formulas. 


2.  Sard  Spaces 

Sard  spaces  of  type  B are  spaces  of  functions  which  have  a certain 
type  of  Taylor  series  expansion  with  remainder  [2],  The  partial  derivatives 
which  exist,  and  In  terms  of  which  the  expansion  Is  given,  Is  specified  by 
the  "complete  core".  For  details  the  reference  should  be  consulted.  We 
follow  the  notation  of  Sard  so  that  subscripts  denote  differentiation.  The 
complete  core  of  Br  n ("  B corner  p,q  ")  Is  made  up  of  the  elements 
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Here  (a,b)  Is  a fixed  point. 

The  differentiation  diagram  Is  at  right. 
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A function  fc  Bpp  ^ can  be  expressed  as 

f{s,t)  = I (s  - a)^^^(t  - .(a,b) 

i<p 

j<q 

+ I (s  - (t  - Q(a,t)dt 

+ I (t  - (s  - s)^P‘^^f  .(s,b)ds 

j<q  a 

t /As  - r)(p-')(t  - (s.?)<i?(!s 

a b P’*’ 

The  inner  product  for  Bpp  q-j  , as  defined  by  Barnhill  and  Nielson  [1],  is 
(f.g)  = I f44{a,b)g.  .(a.b) 

i<p  ’J 

j<q 

+ Z / 

i<p  B 

+ Z / i(s.b)gn  i(s.b)ds 

0<q  a 

Here  [a,a]  x [0,?]  is  the  rectangle  which  contains  the  region  of  interest. 
The  above  leads  to  the  reproducing  kernel  function,  which  in  turn  will 
allow  construction  of  the  representers  of  functionals,  particularly  point 
evaluation  functionals,  in  which  we  are  interested.  The  reproducing  kernel 
function  is 

(*)  K(u,v;s,t)  » J (u  - a)^^^(v  - b)^^^(s  - a)^^^(t  - 
i<p 

J<q 

+ Z (u  - a)^^^(s  - (v  - t)^*^“^^(t  - t)^^~^^i|)(b,t,t)dt 

i<p  b 
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+ I (v  - (u  ' s)^’’"'^(s  - s)^**~^^V'(a.s,s)ds 

j<q  a 

+ /V(u  - s)^P-l^(s  - s)^P-^)(v  - - ?)^‘’-l^(bXt),|,(a.s.s)dtds 

a b 

In  the  above  the  function  \|)  Is  defined  as 


'l*(a,s.s) 


1 If  a s s < s 
-1  If  s s s < a 
0 otherwise 


For  the  above  case,  the  kernel  function  can  be  factored  Into 
K(u,v;s,t)  = gp(a;u,s)  gq(b;v,t),  where 

gn(a;u,s)  = J (u  - a)^^^(s  - a)^^^  + / (u  - s)^P"^^s  - s)^P”^ ^i|»(a,s,s)ds 


This  fact  simplifies  investigation  of  the  properties  of  the  representers  of 
functionals  considerably.  It  is  desirable  to  obtain  an  expression  for 
gp(a;u,s)  which  does  not  Involve  the  Integral.  Repeated  Integration  by 
parts,  and  assuming  that  a s u,s  yields 

9p(a;u,s)  = (-l)P(u  - s)|^P"^^ 

+ I {(u  - a)(^^s  - a)^^^  + (-l)^(s  - a)^P"^"‘‘^u  - a)^P*^h  . 

1<p 

Note  here  that  we  have  lost  the  obvious  symmetry  of  gp  In  u and  s , 
although  not  the  actual  symmetry,  of  course.  We  can  regain  It  however,  at 
the  expense  of  two  formulas  for  Qp  , depending  on  whether  u s s or  s < u 
To  do  this  expand  (u  - s)j^P"^^  (for  u > s)  In  a binomial  way,  obtaining 

(-I)P(U  - S)(2P-')  . 

k«0 
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■ H)"  'I 
k=0 

+ (-1)"  T'(-l)^‘’-'-'‘(u  - 

k*p 

• I(u  - a)<P-’-<>(s  - »)(P**>H)'  (lc-^P-t-1) 

i<p 

- !(“  - (k-lHil 

i<p 

Thus,  (-l)P(u  - + I (u  - a)^P^'^(s  - a)^P'^-^^(-l)^ 

i<p 

= - a)^P-^-'^(s  - a)^P^^^(-l)^  . 

i<p 

and  we  see  that  if  we  Interchange  u and  s the  expression  for  Qp  is 
unchanged,  and  thus  we  can  take 

(1)  go(a;u,s)  = I {(u  - a)(^^(s  - a)^'^  + (-l)'(u  - a)(P+'^s  - a)^P'‘'-‘‘h 

^ i<p 

when  a s u < s , and 

(2)  gp(a;u,s)  = gp(a;s,u)  when 

a s s ^ u . When  s < a ^ u we  find  that 

(3)  g_(a;u,s)  = X (u  - - a)^^^ 

P i<p 

For  u < a it  is  easily  observed  that  the  only  difference  is  that  the 
function  i|)(a,s,s)  changes  sign,  hence  the  terms  from  the  integral  appear 
with  opposite  sign,  so  we  can  say 

d')  g>;u,s)  = I {(u  - a)^^^s  - a)^^^  - (-l)^(u  - a)^P^^^s  - a)^P‘''‘''h 


' when  s £ u < a , and 

(2')  gp(a;u,s)  » gp(a;s,u)  when  u < s < a . When  u s a s s we  find  that 
(3')  g„(a;u,s)  • liu  - a)^^^s  - a)^^^  . 


mmhi 
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It  is  possible  to  write  the  reproducing  kernel  function  in  a somewhat 
more  concise  manner  by  defining  the  function 

ya;u.s)  = (-l)'’(s  - 

i<p 

for  a £u  , and  then  observing  that  for  cases  1,2,  and  3 

gp(a;u,s)  = Gp(a;u,s)  , 

while  for  cases  1',  2',  and  3'  , 

gp(a;u,s)  = Gp(-a;-u,-s)  . 

For  p = 1 and  a fixed  value  of  u , graphs  of  gi(a;u,s)  are  given  below 


(u,l  + u -a) 


(u,l  + a 


For  p = 2 , the  graph  of  the  function  ggCaju.s)  is  given  below  for 
a < u.  For  a > u , the  graph  is  flipped  about  s = a , as  in  the  p = 1 case. 


2 

We  note  that  g2  is  C in  s except  at  s = a , where  it  has  a 
continuous  first  derivative,  but  not  a continuous  second  derivative.  In 
general  g„  is  in  s , except  at  s = a , where  it  is  . 
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